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Definition 1.1. $L$ $L_{1},$ $\ldots,$ $L_{m}$ hybrid joint universality
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Euler-Zagier Hurwitz type Tornheim-Hurwitz type 2
$\sigma>1/2$
Dirichlet [7]
2.1 Euler-Zagier Hurwitz type
Hurwitz Euler-Zagier
$\zeta_{r}(ss;\alpha_{1}, \alpha_{(2,\ldots,r)}):=\sum_{n_{1}>n2>\cdots>n_{r}\geq 0}\frac{1}{(n_{1}+\alpha_{1})^{s_{1}}(n_{2}+\alpha_{2})^{s_{2}}\cdots(n_{r}+\alpha_{r})^{s_{r}}},$





Lemma 2.1 (Akiyama and Ishikawa [1]). $\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})ffs_{1}=1,$ $\sum_{j=1}^{k}\mathcal{S}j\in$
$\mathbb{Z}_{\geq k},$ $k=2,3,$ $\ldots,$ $r$ possible singularities
$\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\rangle r)})$
$\alpha_{1},$ $\ldots$ , $\alpha_{r}$





2.2 Euler-Zagier Hurwitz type ( )
[15, Theorem 2.1] Theorem 1.1
Theorem 2.2. $(\alpha_{2}, \ldots, \alpha_{r})\in(0,1]^{r-1}, \Re(s_{2})>3/2,$ $\Re(s_{j})\geq 1,3\leq j\leq r$
$(S_{2}, \ldots, \mathcal{S}_{r})\in \mathbb{C}^{r-1}$ $0<\alpha_{1}<1$ $f(s_{1})$ $K$
$K$ $\zeta_{r-1}$ $(s_{2}, s_{(3,\ldots,r)}; \alpha_{2}, \alpha_{(3,\ldots,r)})\neq 0$ $\epsilon>0$
$\lim_{Tarrow}\inf_{\infty}v_{T}\{\max_{S1\in K}|\zeta_{r}(s_{1}+i_{\mathcal{T}_{\}}}s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})-f(s_{1})|<\epsilon\}>0.$
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Proof. $\Re(Sj)>1,1\leq j\leq r$
$\zeta(s_{1};\alpha_{1})\zeta_{r-1}(s_{2}, s_{(3,\ldots,r)};\alpha_{2}, \alpha_{(3,\ldots,r)})$
$= \sum_{\geq n10,n2>\cdot\cdot>n_{r}\geq 0}.\frac{1}{(n_{1}+\alpha_{1})^{s1}(n_{2}+\alpha_{2})^{s2}\cdots(n_{r}+\alpha_{r})^{s_{f}}}$
$=( \sum_{n_{1}>\cdots>n_{r}\geq 0}+\sum^{*})\frac{1}{(n_{1}+\alpha_{1})^{s_{1}}\cdots(n_{r}+\alpha_{r})^{s_{r}}}.$
$\sum^{*}$
$n_{2}\geq n_{1}>n_{3}>\cdots>n_{r}\geq 0, \cdots, n_{2}>n_{3}>\cdots>n_{r}\geq n_{1}\geq 0.$
$\Re(s_{j})>1,1\leq i\leq r$
$\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)}):=\sum^{*}\frac{1}{(n_{1}+\alpha_{1})^{s_{1}}\cdots(n_{r}+\alpha_{r})^{s_{r}}},$
$Z$ $1-\delta<\Re(s_{1})<1,$ $\Re(s_{2})>1+\delta,$ $\Re(s_{j})\geq 1,3\leq i\leq r$
$Z$ $\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ $Z$
$\zeta(s_{1};\alpha_{1})\zeta_{r-1}(s_{2}, s_{(3,\ldots,r)};\alpha_{2}, \alpha_{(3,\ldots,r)})=$
(2.1)
$\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})+\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$, $(s_{1}, \ldots, s_{r})\in Z.$
Theorem 1.1
(2. 1), Theorem 1. 1 $\zeta(s, a)$ $\alpha_{1}=1$
$\zeta(s, 1)$ $\neq\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$
Theorem 2.3. $(\alpha_{2}, \ldots, \alpha_{r})\in(0,1]^{r-1}, \Re(s_{2})>3/2,$ $\Re(s_{j})\geq 1,3\leq i\leq r$
$(s_{2}, \ldots, s_{r})\in \mathbb{C}^{r-1}$ $f(s_{1})$ $K$ $K$ $f(s_{1})\neq$
$\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)};1, \alpha_{(2,\ldots,r)})$ $\zeta_{r-1}(s_{2}, s_{(3,\ldots,r)} ;\alpha_{2}, \alpha_{(3,\ldots,r)})\neq 0$
$\epsilon>0$
$\lim_{Tarrow}\inf_{\infty}v_{T}\{\max_{s_{1}\in K}|\zeta_{r}(s_{1}+i\tau, s_{(2,\ldots,r)};1, \alpha_{(2,\ldots,r)})-f(s_{1})|<\epsilon\}>0.$
Theorem 2.4. $(\alpha_{2}, \ldots, \alpha_{r})\in(0,1]^{r-1}, \Re(s_{2})>3/2,$ $\Re(s_{j})\geq 1,3\leq j\leq r$
$(s_{2}, \ldots, s_{r})\in \mathbb{C}^{r-1}$ $\alpha_{1}\neq 1,1/2$ $f(s_{1})$ $K$
$K$ $\zeta_{r-1}$ $(s_{2}, s_{(3,\ldots,r)};\alpha_{2}, \alpha_{(3,\ldots,r)})\neq 0$ $\epsilon>0$
$\lim_{Tarrow}\inf_{\infty}v_{T}\{\max_{s_{1}\in K}|\zeta_{r}(s_{1}+i_{\mathcal{T}}, s;\alpha, \alpha_{(2,\ldots,r)})-f(s_{1})|<\epsilon\}>0.$
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2.3 Euler-Zagier Hurwitz type ( )
$\overline{\zeta}_{r}(s;\alpha)$ $:=\zeta_{r}(s, \ldots, s;\alpha, \ldots, \alpha)$ Hoffman [3]
$\Sigma$
$r$ $\Pi_{r}$ $\{$ 1, 2, $\ldots,$ $r\}$ $\Pi=\{P_{1}, \ldots, P_{l}\},$
$c( \Pi_{r})=\prod_{j=1}^{l}(|P_{j}|-1)!$ and $\zeta(s_{(1,2,\ldots,r)};\alpha, \Pi_{r})=\prod_{j=1}^{l}\zeta(\sum_{k\in P_{j}}s_{k};\alpha)$ .
[3, Theorem 2.1]
Lemma 2.5.
$\sum_{\sigma\in\Sigma_{r}}\zeta(s_{(\sigma(1),\sigma(2),\ldots,\sigma(r));\alpha}, \ldots, \alpha)=\sum_{\Pi_{r}}c(\Pi_{r})\zeta(s_{(1,2,\ldots,r)};\alpha, \Pi)$ .
$\in S$ , $\mathcal{S}$ $\sigma>1/2$ Dirichlet
$\overline{\zeta}_{r}(s;\alpha)=P_{r}(\zeta(s, \alpha))$
$\overline{\zeta}_{2}(s;\alpha)=\frac{1}{2}\zeta(s, \alpha)^{2}-\frac{1}{2}\zeta(2s, \alpha)$
$\overline{\zeta}_{3}(s;\alpha)=\frac{1}{6}\zeta(s, \alpha)^{3}-\frac{1}{2}\zeta(s, \alpha)\zeta(2s, \alpha)+\frac{1}{3}\zeta(3s, \alpha)$ .
Theorem 1. 1
Theorem 2.6. $0<\alpha<1$ 1/2 $f(s)$ $K$
$K$ $g(s)$ $:=P_{r}(f(s))$ $\epsilon>0$
$\lim_{Tarrow}\inf_{\infty}v_{T}\{\max_{s\in K}|\overline{\zeta}_{r}(s+i\tau;\alpha)-g(s)|<\epsilon\}>0.$
$\alpha=1$ $f(s)$
2.4 Tornheim-Hurwitz type 2
Tornheim-Hurwitz type2
$T(s_{1}, s_{2}, s_{3}; \alpha_{1}, \alpha_{2}, \alpha_{3}):=\sum_{m,n=0}^{\infty}\frac{1}{(m+\alpha_{1})^{s_{1}}(n+\alpha_{2})^{s_{2}}(m+n+\alpha_{3})^{s_{3}}},$
$0<\alpha_{1},$ $\alpha_{2}\leq 1,0<\alpha_{3}\leq 2,$ $\Re(s_{1}+s_{3})>1,$ $\Re(s_{2}+s_{3})>1,$ $\Re(s_{1}+s_{2}+s_{3})>2$
$T(s_{1}, s_{2}, s_{3})$ $:=T(s_{1}, s_{2}, s_{3};1,1,2)$ Tomheim 2
( [13, Introduction] ). 3 $T(s_{1}, s_{2}, s_{3})$ $\mathbb{C}^{3}$
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[10, Theorem 1] (
[12] ). Okamoto [19, Theorem 7] $T(s_{1}, s_{2}, s_{3};\alpha_{1}, \alpha_{2}, \alpha_{3})$ b
$\mathbb{C}^{3}$ possible singularities
$s_{1}+s_{3}=1-l, s_{2}+s_{3}=1-l, s_{1}+s_{2}+s_{3}=2, l\in \mathbb{N}_{0}.$
[ $14_{;}$ Theorem 2] hybrid universality
$j,$ $k\in \mathbb{N},$ $D:=\{s\in \mathbb{C}$ :
$1/2<\Re(s+j)<1\},$ $K$ $D$
Theorem 2.7 (see [14, Theorem 2]). $\alpha_{3}=\alpha_{1}+\alpha_{2}$ $j\leq k,$ $2\leq k,$ $f(s_{3})$ $K$
$K$ $\epsilon>0$
$\lim_{Tarrow}\inf_{\infty}v_{T}\{\max_{S3\in K}|T(j, k, s_{3}+i\tau;\alpha_{1}, \alpha_{2}, \alpha_{3})-f(s_{3})|<\epsilon\}>0.$
Proof. $j<k$ $\Re(s_{3})>1$
$T(j, k, s_{3}; \alpha_{1}, \alpha_{2}, \alpha_{3})=\sum_{h=0}^{j-1}(\begin{array}{lll}k -1+ h h \end{array}) \zeta_{2}(k+h+s_{3},j-h;\alpha_{3}, \alpha_{1})$
(2.2)
$+ \sum_{h=0}^{k-1}(\begin{array}{lll}j -1+ h h \end{array}) \zeta_{2}(j+h+s_{3}, k-h;\alpha_{3}, \alpha_{2})$.
$\alpha_{3}=\alpha_{1}+\alpha_{2}$
$\zeta_{2}(j+s_{3}, k;\alpha_{3}, \alpha_{2})=\zeta(j+s_{3}, \alpha_{3})\zeta(k,\alpha_{3})-\zeta_{2}(k,j+s_{3};\alpha_{2}, \alpha_{3})$
$- \sum_{n=0}^{\infty}\frac{1}{(n+\alpha_{3})^{j+s_{3}}(n+\alpha_{2})^{k}}$ .
(2.3)
$\zeta(k, \alpha_{3})\neq 0$ ( [9, Theorem 8.1.1]) (2.2) (2.3)
$T(j, k, s_{3};\alpha_{1}, \alpha_{2}, \alpha_{3})=\zeta(j+s_{3}, \alpha_{3})\zeta(k, \alpha_{3})+A(j, k, s_{3};\alpha_{1}, \alpha_{2}, \alpha_{3})$ , (2.4)
$A(j, k, s_{3};\alpha_{1}, \alpha_{2}, \alpha_{3})$
$A(j, k, s_{3}; \alpha_{1}, \alpha_{2}, \alpha_{3}):=\sum_{h=0}^{j-1}(\begin{array}{lll}k -l+ h h \end{array}) \zeta_{2}(k+h+s_{3},j-h;\alpha_{3}, \alpha_{1})$
$+ \sum_{h=1}^{k-1}(\begin{array}{lll}j -1+ h h \end{array}) \zeta_{2}(j+h+s_{3}, k-h;\alpha_{3}, \alpha_{2})$ (2.5)
$- \sum_{n=0}^{\infty}\frac{1}{(n+\alpha_{3})^{j+s_{3}}(n+\alpha_{2})^{k}}-\zeta_{2}(k,j+s_{3};\alpha_{2}, \alpha_{3})$ .
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$j<k$ $2\leq k$ $1/2<\Re(j+s_{3})<1$
(2.4) $1/2<\Re(j+s_{3})<1$ $j=k$
$T(j,j, s_{3};\alpha_{1}, \alpha_{2}, \alpha_{3})=$
$T(j-1,j, s_{3}+1;\alpha_{1}, \alpha_{2}, \alpha_{3})+T(j, j-1, s_{3}+1;\alpha_{1}, \alpha_{2}, \alpha_{3})$ .
$j<k$ (2.4), (2.5) Theorem
1.1 $\square$
$1=\alpha_{1}+\alpha_{2}$ $f(s_{3})\neq A(j, k, s_{3};\alpha_{1}, \alpha_{2},1)$
$1,2,1/2,3/2\neq\alpha_{3}=\alpha_{1}+\alpha_{2}\in \mathbb{Q}$
Theorem 2.8. $1=\alpha_{1}+\alpha_{2},$ $j\leq k,$ $2\leq k,$ $f(s_{3})\neq A(j, k, s_{3};\alpha_{1}, \alpha_{2},1)$ $K$
$K$ $\epsilon>0$
$\lim_{Tarrow}\inf_{\infty}\nu_{T}\{\max_{s_{3}\in K}|T(j, k, s_{3}+i\tau;\alpha_{1}, \alpha_{2},1)-f(s_{3})|<\epsilon\}>0.$
Theorem 2.9. 1, 2, 1/2, $3/2\neq\alpha_{3}=\alpha_{1}+\alpha_{2}\in \mathbb{Q},$ $j\leq k,$ $2\leq k,$ $f(s_{3})$ $K$
$K$ $\epsilon>0$
$\lim_{Tarrow}\inf_{\infty}\nu_{T}\{\max_{s_{3}\in K}|T(j, k, s_{3}+i\tau;\alpha_{1}, \alpha_{2}, \alpha_{3})-f(s_{3})|<\epsilon\}>0.$
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